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NEW IDENTITIES FOR RATIOS OF RAMANUJAN’S THETA FUNCTION

M. S. MAHADEVA NAIKA, S. CHANDANKUMAR AND K. SUSHAN BAIRY

ABSTRACT. Ramanujan in his notebooks, has established several new modular equation
which he denoted as P and Q. In this paper, we establish several new identities for ratios
of Ramanujan’s theta function involving ¢(g). We establish some new explicit evaluations
for the ratios of Ramanujan’s theta function. We also establish some new modular relations
for a continued fraction of order twelve H(g) with H(g") forn =2, 4, 6, 8, 10, 12, 14
and 16.

1. INTRODUCTION

In Chapter 16, of his second notebook [12], [3, pp. 257-262], Ramanujan develops the

theory of theta function and his theta-function is defined by

f(a,b) — Z an(n+1)/2bn(n—1)/27 |ab|<1>
n=—oc
= (—a;ab)oo(—b; ab)ss (ab; ab) oo,

where (a7q)oc = H(l _ G/qn_l)7 |q| < 1.

n=1
Following Ramanujan, we define

@) = faa= Y ¢ =A%)

Mg) = By S gelmrnyyz _ (€500

¥(q) fla.q°) nX::Oq T

[(=0) = f=a,—}) =Y (~1)"q"C" V2 = (g;).

Now we define a modular equation in brief. The ordinary hypergeometric series 2 F (a, b; ¢; )

is defined by

— (@)n(b)n
F ic ) = ", 1,
2F1(a,b;c; x) ngo Ot ", |z |<

2010 Mathematics Subject Classification. 11ASS5, 11B65, 33D15, Secondary 11F27.
Key words and phrases. Theta-function, modular equations.

Research supported by UGC under major research project F.No.34-140\ 2008(SR).



132

M. S. M. Naika, S. Chandankumar and K. S. Bairy

where
(a)o=1,(a), =ala+1)(a+2)...(a+n —1),forn > 1.
Let
11
- — oF (=, =1
2= z(x) o Fy <2 3 )
and
2F1(%,%;1;1x)>
=q(z) =exp | —7 ,
7:=4() ( 25(%»%;1 )

where 0 < x < 1.
Let n denote a fixed natural number, and assume that
oFi (33351 —a) 2R (5,551 6)
11 = 11 : (1.1
211 (3,515 ) 21 (3,515 8)
Then a modular equation of degree n in the classical theory is a relation between « and /3

induced by (1.1).

In [2], N. D. Baruah has established the relation between

po_ Pl Q= elq")

o) el
for n =5 and 7. M. S. Mahadeva Naika, S. Chandankumar and K. Sushan Bairy [7], have
established the relation connecting P” and () for n =9, 17 and 19. Motivated by these
works, we establish several new modular identities connecting P and () forn =2, 4, 6, 8,
10, 12, 14 and 16.

In Section 2, we collect some results which are useful to prove our main results. In Sec-
tion 3, we establish several new modular equations of degree 3 for the ratios of Ramanu-
jan’s theta function. In Section 4, we establish some explicit evaluations for the ratios of
Ramanujan’s theta function. In section 5, we establish some new modular relations for a
continued fraction of order twelve and its evaluations. In Section 6, we explicitly evaluate

Ramanujan’s remarkable product of theta functions.

2. PRELIMINARIES

In this section, we collect some identities which are useful in establishing our main

results.
Lemma 2.1. [3, Entry 27(i), p. 43] If a3 = 7, then

Vaple ) = /Bple ™). @.1)
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Lemma 2.2. [3, Entry 24(iv), p. 39] We have
P(=¢%) = p(=av*(@). (2.2)
Lemma 2.3. [3, Entry 10(i), 11(ii), pp. 122-123] For0 < oo < 1,
elg) = V=, (2.3)
V26 3y (—q) = VZ{a(l — o) }V/5 (2.4)

Lemma 2.4. [3, Entry 3(xii), pp. 352-353] Let o, 8 and -y be of the first, third and ninth
degrees respectively. Let m denote the multiplier connecting o, 3 and m' be the multiplier

relating v, 6, then

() (i) - (Friaits) - oo

Lemma 2.5. [3, Entry 11(viii), (ix), p. 384] Let o, 3, v and 6 be of the first, third, fifth
and fifteenth degrees respectively. Let m denote the multiplier connecting v and 3 and m’
be the multiplier relating ~y and 6. Then

BN L Q=80 =)\ (A =p =)\
ad (1—a)(1-94) ad(l—a)(l —90) Vm '
Lemma 2.6. [3, Entry 13(i), (ii), p. 401] Let o, B, v and 0 be of the first, third, seventh

and twenty first degrees respectively. Let m denote the multiplier connecting o and 3 and

m/ be the multiplier relating v and 6. Then

4 (=B —7) e m =
* <a(5(1—a)(1—5)> '
) () -G,
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2(_
Lemma 2.7. [4, Entry 51, p. 204] Let X — — 9 gy =

9 Y\ /x\?
XYt 5y = (y> + (7) :
Lemma 2.8. [1, Theorem 5.1] If M = lgf(—iq)s and N = "9((13) , then
g 4(=¢?) o(g%)

N*+ MAN* =9+ M*.

3. NEW MODULAR EQUATIONS OF DEGREE 3

_ Pl _LPd)
7'/0 f*(=¢*) g2 f*(=¢%)

, then

@.11)

(2.12)

In this section, we establish several new modular equations of degree 3 for the ratios of

Ramanujan’s theta function involving ¢(q).

Theorem 3.1, 1f p = PDPL) 0o #@eld) )
w(q*)p(d®)
3

P+p+Q-5=4

Proof. Equations (2.11) can be rewritten as

(UV)*+ (BUV)2 =US + VS,

2(_ 2(_ .2
71f,( a) andV:zif(,q) .
g5 f2(=¢*) ¢ f2(=¢%)
Solving the above equation (3.2) for UV and squaring both sides, we find that

where U :=

208V 4729 + 27U + 27VS = M(US + V6 +81),

where M := 4+4/81 + 4U6 + 4V6,
Using equation (2.2) and (2.12), we have

X4(X* —9)2 Y44 - 9)2
6 _ 6 _

U = 1-x12 and V/ a-vie
£a) gy .o 2@

(¢®) ¢(q°)
Squaring both sides of (3.3) to eliminate M, we find that

where X := .

~

3.1

(3.2)

(3.3)

34

(X2Y2 4+ X243 —4XY - Y)(XY2 4+ X* -3V 4+ YH)(XY* - X* 49 -Y?)

(XY2 - X* —3Y2 - YH(X* +3X2 - X2V + V(X! —3X2 + XYt + VY

(X2Y2 + X2 +34+4XY - Y?)(X?Y? - X2 +3+4XY + V) (X?Y? - X? +3
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—AXY +Y?)(XY 42Xy 2 4+ X 6X% 4+ 94 12X2Y2 —6Y2 +2X2Y Y + V)
(X*Y* —2X*Y2 4+ X4 6X2 +9+12X2v2 4 6Y2 - 2X2v 4 Y =0,
(3.5)

As g — 0, the first factor vanishes faster than the other factors of the equation (3.5). Setting

X
P:=XYandQ := v in the first factor, we arrive at the equation (3.1). This completes

the proof. O
e en( ot 12
Theorem 3.2. If P := &ég;gglg) and Q) := wggifgﬁ((]q:";’ then
9 1 1 5 32 1 3 _
Q+@—16{Q+6}+P +ﬁ+2[Q—6} {P+F}+2O_O. (3.6)

Proof. Equation (3.1) can be written as

X2V2 4 X2 434XV —V?2=0, (3.7)
. 2
where X := ’5((13) and V = 90((16).
o(q®) ¢(q°)

Note that the above equation (3.7) is unchanged if we change ¢ to g2, we have

VY24 V243-4VY —Y? =0, (3.8)

o(q*) 0

where Y := .
r(q'?)

Eliminating V' from (3.7) and (3.8), we deduce that

2V 2 XA+ YAP 4+ X 16V X2 +20Y2 X2 2V 4 X2+ 6X2 - 16V X +9-6Y2+Y* = 0.
(3.9)

X
Setting P := XY and Q := v in (3.9), we arrive at the equation (3.6). This completes

the proof.

fe B ot slfleed] o

5
-8 {3Q+§} +51} =0.
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Proof. Employing the equations (2.3), (2.4), (2.5) and (2.6), we deduce that
d*b* + a*d® + 3c¢%a® — b*c* =0, (3.11)

where

_ele) el o vd o ()
e@)  e@®) T a (=) T 3 (=¢°)
Now, using the equations (2.12), (3.1) and (3.11), we find that

(XY =2V X2+ Y1+ 6Y? +9+12Y2X2 +6X2 - 2Y2X* + X?)

(27 +63Y2X* + 153Y2 X% + YOXO + 51 X4y* —45X2 + 9X6 — 27Yv?

~ Y5+ 9X* +9Y* +3Y2X6 - 3ySx* +3YSXx2 + 9yix? - 5Xx6y*

+36Y°X +120Y3X — 108Y X — 12X°Y® +40Y° X? + 48Y3 X3

+ 72XPY + 24V X® + 36 X°Y)(27 + 63Y2X* + 153Y2X? + YO X6 12
+51X4Y* —45X2 4+ 9X6 —27v2 — YO 4+ 9X* 4+ 9v* + 3y2 X6
—3YOX? +3Y0X? +9Y1X? —5X0Y? — 36Y°X — 120Y3X + 108Y X
+12X°Y° —40Y° X3 — 48Y3 X3 — 72X3Y — 24Y3X° — 36X°Y) = 0,

where X i (@) _ ld®)

o) T Py

As g — 0, the last factor vanishes of the equation (3.12) vanishes, whereas, the other

. . X . .
factors does not vanish. Setting P := XY and Q := v in the last factor, we arrive at the

equation (3.10).This completes the proof. O
o(9)¢(q®) e(q)e(g*
Th 34. IfP = 202 2 g = S 2 gy
corem 4 o)) " © o(q*)e(a®) e
Q4+i+80[ L ) {Cf—l—i} ~80 {Q—l} + 884
Q* Q? Q? Q
34 . 3 1 32
4 3 2
+ P +ﬁ+4|:P +ﬁ:|{4+|:Q*§:|}+2|:P +ﬁ:| o
1 [, 1 3 '
X{16—8{Q—a:|+3_62 +Q—2:|}+4[P+F]

x{—52+22{@—$} 42{@%&%{@3—%”:0.

Proof. Using the equations (3.1) and (3.6), we obtain (3.13). O
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Theorem 3.5, 1 p = 2P o #@)ed”)

—=——, then
e(a®)e(q')

Q%+ @ + 160 {Q"’ 15} + 2468 {Q“ + %} + 160 {QS + %} + 14864

Q
+1745[Q +$2}+8320{Q+$}+P6+;—Z+{P+ﬂ (6{ 5 Ql}
. 1 1 1
+640{{Q2——} {Q‘* QLL”MNO{QJ QS]—580{Q—6D

Q?
{PQ + —} (15 {Q“ + —} — 576 [QS + %] — 1960 {(f + é}
1 33 | 1
—1600 {Q + Q} 1415) {P“ + ﬁ] (20 {Q“‘ - @} + 384 { 2 _ @}
_1 4, 9 2, 1 1
+350 {Q QD {P + } (15 [Q Q2] + 160 {Q+ Q} +324)

o] (o-g) e

(3.14)
Proof. Employing the equations (2.3), (2.4), (2.7) and (2.8), we deduce that
a u-—v
2 . 3.15
b u+vw ( )
¢(q) o(q°) P(—q) U(=¢°)
where u = —, U= =, a= - -, 0= — =
w(q%) o(q'°) g4 (—¢%) ¢*/p(—q1%)

Using the equations (2.12), (3.1) and (3.15), we find that
(YAX* = 22X 4+ X+ 6X2 +9+12Y2X% 4 6Y2 - 2Y4X2 + YY)
(729 4+ 1215X* + 1458 X2 + 540X ° + 135X° + 18X 10 4 135Y® — 14582
—540Y°% + 15Y8X12 4 350Y8 X110 — 1415Y8 X8 + 580V 3 XC 4+ 17458 Xx*
—6Y12X2% — 1410Y8 X2 — 1920Y X? — 5184Y X7 + 160Y X! 4 10368Y X°
+12960Y X2 — 640Y3 XM 4+ 160Y3X° +1920Y3 X7 — 1440073 X°
+12960Y3 X + 2468Y2 X1 + 1410Y2 X8 — 17640Y% X° 4 8320Y° X"
+640Y° X9 +384Y7 X — 1600Y7 X° 4+ 8320Y7 X° — 576Y S X 1!
— 14400Y° X3 — 1960Y 5 X 10 — 580Y 6 X® + 14864Y° X ° 4 17406 X*
— 17640Y5X2 —1920Y7 X3 — 5184Y7 X — 10368Y° X + 9450Y2X*

+26244Y2 X2 + 1215Y* + 15Y4X 12 — 9450V 4 X2 — 12735Y4 X4
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—1740Y1 X5 +470Y* X 10 4 160Y° X! — 1600Y° X7 — 640V X

+1920Y°X — 18Y0 + 160V X0 — 384y 11 X7 — 576Y 11 X° + 640y L X3

+ Y12 160y M X +324Y10X10 — 350y 10 X8 — 1960y 10 X6 — 470y 0 X (3.16)
+2468Y10x2 4 6y10x12 4 y12x12 _gy12x10 L 15y12x8 — 20712 X6

+15Y 12X 160V X2 + X2 41745V X5 + 6Y2 X2 4+ 2075 X12) = 0.

¢(q) _e(g")

o) T e )

As g — 0, the second factor vanishes of the (3.16), but the first factor does not vanish.

where X :=

X
Setting P := XY and Q := v in the second factor, we arrive at the equation (3.14). This

completes the proof. [

w(q.)so(qf) and Q = e(q)e(¢*) hen

o(q®)¢(q®®) o) e(qt?)

1 288 68
= — | + 52560
QY Q“}
551 49 .36 .3
PR _ 6 2 5 0
+9 {1993@ Q?] 1152 [GQ Q} + PO+ 76 {P + P,}
4

fuesfar g} 2] frovmfs 2] e 5]

+ {P3 + Ii—i} {102 [13@ - E] +96 [Q2 + i} 4 {3@d + %} - 2320}

Theorem 3.6. If P :=

81Q% + + 252 {3@4 34} +96 {9@5

Q Q?
32 5 881 10
2 92 3
{P + ﬁ} {4761 —192 {32@ + 5} +8 {63@ - @} - 192 {3@ Qs}
. b 3 431 , 131
-3 {27@ - @] } + [P+ F] {36 {231@ - 5} - 96 {57@ }
. 67 163 1
30 |21Q° —.]716[27 4 } 6{9 5 ,}721696}:0.
* { RARNGE Crgr TP
(3.17)
Proof. Employing the equations (3.1) and (3.10), we arrive at the equation (3.17). |
e(q)e(g™) e(@)e(g*)
Theorem 3.7. I_fP = 99(q3)99(q42) andQ = W’ then
1 o1 .1
8 ——5o4|7——] 33792[6 —.]—100296{5— }
@+ o o @+ o @ -5
+ 649668 + 118384 [Q4 0 4] + 39816 {Q‘ QJ} + 338688 {QQ GH (3.18)

8

—664776{62—%]+P8+%—8{P7+i—1] {7— {Q—%H
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+{P6+—Z}{832+56{Q——}+28{ H+56{P5+Ii—i}
{io-sla-g]ruleg] [} [+ 5]
x{7728 728[@—%}+896{Q +Q—}+2328{Q CHHO[Q +$4H
—8[P5+%] {2128{@—%}4—1897[@2—#%} 2870{@3—$}

+1333 {Q + Q4] -7 {QS le} +6335} + 28 {P2+ 1?;—22}

X

1 1 1
X {—3344 — 2014 {Q - 5} — 2850 {Cf + @} + 2714 {Q?’ - —,}

0
R (R s
{ 8043 — 42126 [Q - a + 12999 {QQ 52} +13272 {Q?’ Qﬂ
confoe gl s3] o o 3]} -o

(3.19)

Proof. The proof of the identity (3.19) is similar to the proof of the identity (3.14), except
that in place of results (2.7) and (2.8), results (2.9) and (2.10) are used. O

16 48
Theorem 38, If P = LDP4 ) o — #leld)

o(®)p(q*®) (@) e(qtt)

3 sy L .1 s 1 s 1
PPt o5+ Q%+ Q8—832{Q +Q—}+99296Q+Q—} 315456{Q +§}

1 1 1
+ 577008 {Q“ + @} — 734272 [Q?’ + @] + 1906912 {QQ + @} — 2587456

X :Q B a + 4126660 + 16 [P + %} {—28287 :Q - a — 14952 {cf - é}
+15456 {cf - %} + 7632 [Q“ - é] — 4204 :@5 — Qi + 1160 {QG - %}

+ %7 - %Q?H +4 {PQ + 1?;—22] {—28112 {Q + %} — 33454 {Q + cﬂ + 42056
+2128 {QS + é] — 9640 [Q4 + %] — 11312 Q" + Qi +7 {QG + %} }

3

+38 {P3+ %} { —5768 {Qf %] — 2512 [Q - Qi} + 6758 {Q3 - %}
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1

+1760 {Q“— —} +7 {Cf _ H +2 {puﬁ} {3360 {Qﬁ-%} + 9432

Q4 QS P4

—T472 {QQ + é} + 6048 {(f + é} +35 {Q“ + &} } +38 [PS +

1 . 1 ;37 1
X{—208|:Q+6:|+7|:Q +Q—2}+584}+8{P +ﬁ:| |:Q——]

Proof. Using the equations (3.1) and (3.13), we obtain the equation (3.20).

4. EVALUATIONS FOR THE RATIOS OF RAMANUJAN’S THETA FUNCTION

35
PS5

In this section, by using the modular equations obtained in the previous section 3, we

establish some explicit evaluations for the ratios of Ramanujan’s theta function.

Theorem 4.1. We have
p(e™27/V3) 343+ 1)(V2-1)

ple2mV3) V2 ’
ple=™2V3)  3UAB-1(V2+1)
ple=mV3/2) V2 ’
2(,—m\/2/3
L Gl s NN SN P S
A=)
2(,—7/V6
i iy N P S Y
(e V)
P’
S L —9214+9V6 - 15V2 — 12V3,
992(e—5”‘/§)
2(,—7/3V2
©°(e )
£ 21
T V6+v2 -1,
2(,—2m/2/3
% =V3 [\/596+344\/§—8A - \/595+344\/§—8AJ ,
@2 (e=2
@2(6_7T/2\/6)

Qz(e—ﬁn/zﬁ)
where A == (12 + 7v/3) (V19 + 11/3).
A [\/103 +42V6 - 2B \/101 442V - QB‘

ple ) 2 2

= \/5{\/596+344\/§—8A+\/595+344\/§—8AJ :

4.1

4.2)

(4.3)

4.4

(4.5)

(4.6)

4.7)

(4.8)

(4.9)
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o(em/4V3) a4 |, [103+42V6 2B 101 +42v6 — 2B 410
= = O + , (4.10)
¢(e—ﬂﬁ/4) 2 D)
where B := /5188 + 2118+/6.
2(,—m/14/3
el ) _ {\/16352 — 9440v/3 + 356821 — 61807
p2(e V)
@.11)
—\/ 16351 — 9440V/3 + 3568v/21 — 6180\/7J :
2 771'/\/‘6
L\/TM) =V3 {\/16352 — 9440V/3 + 356821 — 6180v/7
2(,—T
©2(e ) (4.12)
+\/16351 — 9440V/3 + 3568V/21 — 6180\/7J :
2(,—m/6
% — (VB VB)BYA 1) + 314, .13)
R G 1157132 + 66807v/6
2 3949205 Vaat |2 |3009 + 1737V3 - V24668076 |
3p?(e=6m) Va
4.14)

where a = 1479 + 854/3.

2(67‘7%)

= 2\/1_0b+(13\/§—22)—\/1968 — 1136V3 — mw,

(4.15)
2(g=m/V30 4486 — 2590+/3
) 2\/10b+(13\/§—22)+\/1968 1136V — V0L H480 2590V
\/§¢2(e—7r\/3/10) NY)
(4.16)
where b := 26 — 15+/3.
Proof of (4.1). Putting o = y/7/v/3 and 8 = V/7v/3 in (2.1), we find that
=T/ V3
P g, 4.17)
p(emV3)
Using the equation (4.17) in the equation (3.1), with ¢ = e~/ ‘/3, we deduce that
1/4 (p—27/\/3
VAT 4+ L + 3 r =4, where T = wle ) (4.18)

A T 34 p(e=2mV3)

Solving the above equation (4.18) for"and 1 < 1" < 2, we arrive at the equation (4.1). [
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Proof of (4.2). Setting q = e~™/2V3 in the equation (3.1), then using the equation (4.17),
we deduce that

ple="/>V3)

2 —2t3%/* + 2434 + 2v/3-3=0, where t = (4.19)

pe=mv3/2)
Solving the above equation (4.19) for t and 1 < ¢ < 2, we arrive at the equation (4.2). [

Since the proofs of the identities (4.3)—(4.16) are similar to the proofs of the identities
(4.1) and (4.2). Hence we omit the details.

5. MODULAR IDENTITIES FOR A CONTINUED FRACTION OF ORDER TWELVE

In [11], M. S. Mahadeva Naika, B. N. Dharmendra and K. Shivashankara have estab-
lished a continued fraction of order twelve. They have also established several explicit
evaluations, reciprocity theorems and integral representations.

In this section, we establish some new modular relations for a continued fraction of
order twelve using the identities established in Section 3. We also establish some explicit

evaluations for a continued fraction of order twelve.

Lemma 5.1. [6], [11, Theorem 3.1]We have

‘A 1 —q. — 11
Y(qs) _ i@)_/ where H(q) = M 5.1
e(¢®)  1-H(q) f(=¢®,—4")
Theorem 5.1. Ifu := H(q) and v := H(q?), then
(u+v)? = v?v+v. (5.2)
Proof. Using the equations (3.1) and (5.1), we obtain the equation (5.2). O

Theorem 5.2. Ifu := H(q) and v := H(q*), then
(1—v)1+ v} (v —u*) + (20° + 20 — 80*)u? + duv(v — 1)(1 —vu?) =0.  (5.3)
Proof. Using the equations (3.6) and (5.1), we obtain the equation (5.3). O

Theorem 5.3. Ifu := H(q) and v := H(q®), then
(% +v* =1 - 0®)(ub —v) +6(—v* +0° —v+0?)(u —u®)
5.4
+9(1 — 3v — v* + 307) (uv — vu*) + 2(8v* + 8v* — 180 — v° — v)u® = 0.

Proof. Using the equations (3.10) and (5.1), we obtain the equation (5.4). O
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Theorem 5.4. Ifu := H(q) and v := H(q®), then
(v" = 3v% + v — v +30° — 3v* — 1+ 30°)(u® —v) + 8(v — 30° —v® — o7
+ 20 + 209)u” + 4(140° + 507 + 3v® + 5v% — 100* — 130° — 4v)u

+8(v? + v+ 120* — 10v® + 305 — 50° — 207)u® + 2(v + 07 + 350° + 350°

— 720 — 405 — 4?)ut + 8(v7 — 2v + 120* — 503 + 302 — 100° 4 5)u? &)
+4(305 — 1302 + 140° — 100" + 5v + 50° — 40 )u? + 8(v” + 202 + 20*
—p =0 = 3113)u =0.

Proof. Using the equations (3.13) and (5.1), we obtain the equation (5.5). O

Theorem 5.5. If u := H(q) and v := H(q'°), then
[1 4+ 1502 — 60° 4+ 05 — 200% + 150* — 6v][u'?v® + o] + 20°[~1 — 550 + 300°
— 3502 + 60 + 600° — 50°Jul! 4+ [~1850° — 1 — 5002 + 350! — 1900* + 110
— 1900 — 560° + 1250% + 8007 + 1760° + 2450%|u'® + 2v%[—140v + 20 + 34002
+400° — 9507 + 1100° — 1150° — 42503 + 2900v* — 2507’ + [~1020v* — 160v°
+ 60v% — 200 — 16300° 4 86507 + 16750° + 2300 — 13000 + 250! 4+ 10507]u®
+ 40[10 + 50° + 1000” + 2800% 4 678v° — 4150° — 5750 + 20'° — 100° — 40v
— 350%)u” + 20[—100% + 9507 — 1002 — 42007 + 950 + 11500 — 2001° 4 11500°
—16220° — 4200° — 20]u® + 4v[2 — 10v + 280v" — 575v° + 1000° + 100" + 678v°
— 3508 — 415v% — 400° + 50%]u® + [2300° — 2001t — 160v* — 13002 + 250 + 60v*°

+ 1050° + 167507 + 8650° — 10200° — 16300°]u? + 20[110v — 4250° — 25 — 9502

— 1150% — 1400 4 400% + 34007 + 200° + 2900°]u® + [2450° — 19002 + 350
—1900® — 560° + 110" + 17607 + 80v° — 185v* + 12507 — 5000 — v'%ju?  (5.6)
+ [=207 4 60v% + 120v* — 1100 — 700° + 120° — 10v]u = 0.
Proof. Using the equations (3.14) and (5.1), we obtain the equation (5.6). O
Remark 1. Similarly, one can establish modular relation for H(g) with H(g'2) using the

equation (3.17), H(gq) with H(¢'*) using the equation (3.19) and H (¢) with H (¢'%) using
the equation (3.20).
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In the following theorem, we establish some new explicit evaluations for a continued

fraction of order twelve H(q), by using the evaluations of ratios of theta function estab-

lished in section 4.

Theorem 5.6. We have

H(e=27/V3) — AV N(V2-1) - V2
3VAWVB+1)(V2 - 1) +v2

H(e/2V3) = 3AVB-1D(vV2+1) - V2
343 -1)(V2+ 1) + V2

(e VB VBB - VD) -1
VOB VBWE VD +1

v VB - VBB + VD) -1

Hie
VB VB(VE+ VD +1

Cava . V214+9V6 - 15v2 123 — 1

He V21496 —15v2— 12341
ety YVEEVE T -1
Vorva1+1
\/\/'+ B+ 1)(V6 - v3) -1
H(e ™

\/f+ BED(WE-vE)+1

6.7

(5.8)

(5.9

(5.10)

(5.11)

(5.12)

(5.13)

Proof. Rewriting equation (5.1) and set ¢ = ¢~"V*/% and using (4.1), we arrive at equa-

tion (5.7).

Since the proofs of the identities (5.8)—(5.13) are similar to the proof of the identity

(5.7). Hence we omit the details.

|

Remark 2. One can explicitly evaluate H(e™™V "'/3) for n =8, 1/8, 10, 1/10, 12, 14, 1/14,

16 and 1/16.



New identities for ratios of Ramanujan’s theta function

6. RAMANUJAN’S REMARKABLE PRODUCT OF THETA FUNCTIONS

On page 338 in his first notebook, Ramanujan defines

ne e ﬁ’t/ﬂ((f” mn)p2(7€72w\/m)

W2 (e ™V )2 (—e V)

m,n =

I

and offers a list of eighteen particular values. All these eighteen values have been estab-
lished by B. C. Berndt, H. H. Chan and L. C. Zhang [5]. In [10], Mahadeva Naika and B.
N. Dharmendra have established some new general theorems for the explicit evaluations
of Ramanujan’s remarkable product of theta-functions a,, ,,. For more details one can see
[8] and [9].

In this section, we evaluate some new explicit evaluations of Ramanujan’s remarkable

product of theta functions a3 ., for m =2, 4,6, 8, 10, 12, 14 and 16.

ple V)
Lemma 6.1. [10, Theorem 2.4] If ) = —————=, then
7O e
2 9(1 - Q) 4
Q" #9, (6.1)

o = Qi)

where m is any positive rational.

Theorem 6.1. We have

a3, = (V3+v2)(3 - 2v2), (6.2)
11V3 - 19)(3 4+ 2v2

a§‘4 — ( \/_ \/)i( \/_)7 (63)
4/24+v6-2-3

a2 = ; . (6.4)

Proof of (6.2)—(6.4). Using equation (6.1) along with (4.3), (4.1) and (4.5), we arrive at
(6.2), (6.3) and (6.4) respectively. This completes the proof. O
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